Abstract. Classical Castelnuovo Lemma shows that the number of linearly independent quadratic equations of a nondegenerate irreducible projective variety of codimension c is at most − 3 linearly independent quadratic equations. Also we investigate the zero set of those quadratic equations and apply our results to projective varieties of degree ≥ 2c + 1.
Introduction
Throughout this paper, we work over an algebraically closed field k of characteristic zero. For a closed subscheme Z ⊂ P r , we denote by a 2 (Z) the number of linearly independent quadratic equations of Z. That is, a 2 (Z) = h 0 (P r , I Z (2)). Let X ⊂ P n+c be a nondegenerate irreducible projective variety of dimension n and degree d. As it was indicated in [L] , the natural problem of finding an upper bound of a 2 (X) and classifying the borderline cases can be answered by the classical Castelnuovo Lemma and its generalization by G. Fano (cf. [C] and [Fa] ). Theorem 1.1 (Theorem 1.2 and Theorem 1.6 in [L] ). Let X ⊂ P n+c be as above. Then
(1) (G. Castelnuovo) a 2 (X) ≤ In [Pa3] , the author approached this problem through a more basic method of "hyperplane section argument". Indeed, let Γ ⊂ P c be a general zero dimensional linear section of X. Thus it is a finite set of d points in general position. Also let Γ 0 be a subset of Γ such that |Γ 0 | = min{d, 2c + 1}. Then Γ 0 ⊂ P c is 2-normal and hence a 2 (Γ 0 ) = c + 2 2 − |Γ 0 |.
Also it holds that a 2 (X) ≤ a 2 (Γ) ≤ a 2 (Γ 0 ). These elementary observations give us the following useful inequality:
( .5], Theorem 1.1 was reproved and generalized to the next case by combining (1.1) and the structure theory of "low degree varieties" (eg. [HSV] , [BS1] , [BS2] , etc). Along this line, this paper is intended to study the following three problems induced from (1.1):
(1) Classify all X ⊂ P n+c satisfying the condition a 2 (X) ≤ . Then classify all X ⊂ P n+c such that d ≥ 2c + 1 and a 2 (X) ≤ c 2 − 3. (3) For a projective variety X ⊂ P n+c , we denote by Q(X) the zero set of I(X) 2 in P n+c . Namely, Q(X) := Bs(|I X (2)|). Then investigate the irreducible decomposition of Q(X) when X ⊂ P n+c appears as an answer for the previous two problems (1) and (2).
Our first main result in this paper is the generalization of Theorem 1.2 to the next case and hence it gives an answer for Problem (1). The sectional genus of X, denoted by g(X), is defined to be the arithmetic genus of a general linear curve section of X. (i) d = c + 2 and depth(X) = n − 1 (and hence n ≥ 2); (ii) d = c + 3 and X is a variety of maximal sectional regularity; (iii) d = c + 3, g(X) = 1 and depth(X) = n; (iv) d = c + 4 and depth(X) = n + 1.
The proof of this result is provided in § 3. See § 2 where we review basic properties of varieties of almost minimal degree and varieties of maximal sectional regularity (including their definition).
Next, we consider the inequality (1.1) for the cases d ≥ 2c + 1. Then a 2 (X) is at most contained in an (n + 1)-dimensional del Pezzo variety. In this direction, we obtain the following our second main result. Theorem 1.4. Let k be an integer in {0, 1, 2, 3}. Suppose that c ≥ k + 2 if 0 ≤ k ≤ 2 and c ≥ 6 if k = 3. Let X ⊂ P n+c be a nondegenerate irreducible projective variety of dimension n and degree d ≥ 2c + 2k + 3. Then the following two conditions are equivalent:
The proof of this result is provided in § 5. See Theorem 5.1. In the proof of Theorem 1.4, the existence of Y is shown by using the Castelnuovo theory, including I. Petrakiev's recent result in [Pe] . See Theorem 5.2.
Once we know the existence of an (n + 1)-dimensional variety Y , it follows by Bezout's theorem that Y is an irreducible component of Q(X) = Bs(|I X (2)|). So, to finish the proof of Theorem 1.4 by showing the uniqueness of Y , we investigate Q(X) when X is one of the varieties listed in Theorem 1.1, Theorem 1.2 and Theorem 1.3. Some of them are cut out by quadrics and hence Q(X) is X itself. On the other hand, Q(X) can be strictly bigger than X for some X (eg. see Proposition 2.3.(3) and Remark 4.1). Our third main result is about a common property of Q(X) for all those X's. Theorem 1.5. Suppose that k ∈ {0, 1, 2, 3} and c ≥ k + 1. If X ⊂ P n+c is an ndimensional nondegenerate irreducible projective variety such that
The proof of this result is provided in § 4. The organization of this paper is as follows. In §2, we review basic properties of varieties of almost minimal degree and varieties of maximal sectional regularity. In §3, we give a proof of Theorem 1.3. Finally, §4 and §5 are devoted to investigating Q(X) when X is one of the varieties listed in Theorem 1.1, 1.2 and 1.3.
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2. Some projective varieties having large a 2 (X) This section is devoted to reviewing some known results about varieties of almost minimal degree and varieties of maximal sectional regularity since they appear in our main results in the present paper. Throughout this section, let X ⊂ P n+c be a nondegenerate projective variety of dimension n and degree d.
2.1.
Varieties of almost minimal degree. Due to [BS2] , we say that X ⊂ P n+c is a variety of almost minimal degree if d = c + 2. The results of [Fu1] and [Fu2] imply that these varieties can be divided into two classes:
1. X ⊂ P n+c is linearly normal and X is normal; 2. X ⊂ P n+c is non-linearly normal or X is non-normal. 
where X ⊂ P n+c+1 is an n-dimensional variety of minimal degree and π p : X → P r is the linear projection of X from a closed point p in P n+c+1 \ X. In this case, one can naturally expect that all the properties of X may be precisely described in terms of the relative location of p with respect to X. For the cohomological and local properties of X, this expectation turns out to be true in [BS2] . Indeed those properties are governed by the secant locus Σ p ( X) of X with respect to p, which is defined to be the scheme-theoretic intersection of X and the union of all secant lines to X passing through p. In [BP1] , the authors obtained a classification theory of the second type by describing the so-called secant stratification of X ⊂ P n+c+1 in terms of the secant locus Σ p ( X).
Theorem 2.1. Suppose that c ≥ 3 and let X ⊂ P n+c be such that X = π p ( X) where X ⊂ P n+c+1 is an n-dimensional variety of minimal degree and p is a closed point in 
Note that the cases where depth(X) = n and n−1 appear in Theorem 1.2 and Theorem 1.3. In the following corollary, we show that if X is not a cone then the dimension of X has an upper bound.
Corollary 2.2. Let X ⊂ P n+c be as in Theorem 2.1. Suppose that X is not a cone (or, equivalently,X is not a cone). Then
If n ≥ 2 and depth(X) = n − 1, then n ≤ 5.
Proof. SinceX is smooth, we have dim Vert(X) = −1. Thus we have
by Theorem 2.1.(2) and (4).
(1) By (2.1), we have n ≤ 4 if depth(X) = n.
(2) By (2.1), we have n ≤ 5 if depth(X) = n − 1. depth(X) = n and depth(X ∪ F(X)) = n + 1.
Proof.
(1) For n = 1 and n = 2, see respectively [BS1, Proposition 3.5] and [BLPS2, Theorem 4.1]. For n ≥ 3, let S = X ∩ P 2+c be a general linear surface section of X. Then S is a surface of maximal sectional regularity and
Therefore it follows that depth(X) = depth(S) + (n − 2) = n and depth(X ∪ F(X)) = depth(S ∪ F(S)) + (n − 2) = n + 1. (2) Let Γ ⊂ P c be a general zero dimensional linear section of X ∪ F(X). Then Γ is a finite set of c + 4 points in general position by [BS3, Theorem 1.1]. Since c ≥ 4, we have |Γ| ≤ 2c and hence I(Γ) is generated by quadrics (cf. [GL, Theorem 1] ). This shows that X ∪ F(X) is ideal theoretically cut out by quadrics since depth(X ∪ F(X)) = n + 1. 
Obviously, this shows that I(X) 2 is equal to I(X ∪ F(X)) 2 .
Proof of Theorem 1.3
This section is devoted to proving Theorem 1.3. We begin with two useful known facts. ( Proof. If n = 1, then the assertion comes from Proposition 3.3. Suppose that the statement of this lemma holds for n = 2. Then it holds for all n ≥ 2 by Lemma 3.4. So we concentrate on proving the case of n = 2. From now on, suppose that n = 2. Let C ⊂ P c+1 be a general hyperplane section of X. Lemma 3.4 shows that a 2 (C) = c+1 2 − 3. According to Proposition 3.3, there are two cases.
First, suppose that C is a smooth rational curve of degree d = c + 3 having a 4-secant line. Thus C is a curve of maximal regularity and hence X is a surface of maximal sectional regularity due to [BLPS1] . Note that Next, assume that C is the image of an isomorphic projection of a linearly normal curveC ⊂ P 2+c of arithmetic genus 1 from a point. ThenC satisfies Green-Lazarsfeld's condition N c−1 and hence C is 3-regular (cf. [BLPS2, Theorem 3.2]). We first show that X is linearly normal. Indeed, if not then it is the image of an isomorphic projection of a surfaceX ⊂ P c+3 from a point. Note that deg(X) = c + 3 and a general hyperplane section ofX is of arithmetic genus 1. Namely,X is a del Pezzo surface (cf. [Fu3, Chapter I. § 6]). Then X is 3-regular (cf. [BLPS2, Corollary 3.3]). Now, consider the long exact sequence
Since a 2 (X) = a 2 (C) by Lemma 3.4, it follows that H 1 (P c+2 , I X (1)) = 0, which contradicts to our assumption that X is not linearly normal. In consequence, it is shown that X is linearly normal.
To show that depth(X) ≥ 2, we use the long exact sequence
Note that the third term vanishes for all j ≥ 1 since C is 3-regular. For j = 1, we get
since X is linearly normal. Repeating this argument, we can see the vanishing
for all j ≥ 1. This completes the proof that depth(X) ≥ 2. Finally, Theorem 1.2 shows that if depth(X) = 3 then a 2 (X) = 1)). Thus depth(X) = n − 1 and n ≥ 2. Suppose that d = c + 3. Then Lemma 3.4 guarantees that the general linear curve section C ⊂ P 1+c of X is either (i) a smooth rational curve of d = c + 3 having a 4-secant line or else (ii) the image of an isomorphic projection of a linearly normal curve of arithmetic genus one from a point. In the former case, C is a curve of maximal curve and hence X is a variety of maximal sectional regularity. In the latter case, g(X) = 1 and depth(X) = n by Proposition 3.5.
Finally, assume that d = c + 4. Then Proposition 3.1.(2) says that depth(X) = n + 1. (⇐) : For (i), see again Theorem 2.1.(1). For (ii), we get depth(X) = n by Proposition 2.3.(1). Therefore we have depth(X) ≥ n for all cases (i) ∼ (iv). Thus the assertion comes immediately from Proposition 3.3.
The irreducible decomposition of Q(X) -Part I
For an n-dimensional nondegenerate irreducible projective variety X ⊂ P n+c , we denote by Q(X) the base locus of |I X (2)|. The aim of this section is to prove Theorem 1.5 by investigating the irreducible decomposition of Q(X) when X satisfies the condition a 2 (X) = c+1 2 − k for some k ∈ {0, 1, 2, 3}. We begin with the following Remark 4.1, in which we briefly review what is already known about Theorem 1.5.
Remark 4.1. Due to Theorem 1.1, Theorem 1.2 and Theorem 1.3, we have a complete list of X ⊂ P n+c in Theorem 1.5. Let us divide them into four classes as follows: (i) d = c + 1 + k and depth(X) = n + 1; (ii) d = c + 2 and depth(X) = n or n − 1; (iii) d = c + 3, g(X) = 1 and depth(X) = n; (iv) d = c + 3 and X is a variety of maximal sectional regularity.
(1) When X belongs to case (i), it is well known that I(X) is generated by quadrics and hence Q(X) = X.
(2) When X belongs to case (iv), there exists an n-dimensional linear space F(X) such that X ∩ F(X) is a quartic hypersurface in F(X). In this case, it is known that
and X ∪ F(X) is ideal theoretically cut out by quadrics. In consequence, we have
For details, see Proposition 2.3. (3) To study the cases (ii) and (iii), it turns out to be crucial to investigate Q(Z) when a nondegenerate projective algebraic set Z ⊂ P r is a divisor of a smooth rational normal scroll in P r .
Notation and Remark 4.2. Let 0 ≤ a 1 ≤ . . . ≤ a n+1 be a sequence of integers where a n and a n+1 are positive. Consider the (n + 1)-fold rational normal scroll
of numerical type (a 1 , . . . , a n , a n+1 ). Thus c = a 1 + · · · + a n+1 . The divisor class group of Y is freely generated by the hyperplane section H and a linear subspace F ⊂ Y of dimension n. So, we can write the divisor class of an effective divisor X of Y as aH + bF for some integers a ≥ 0 and b ∈ Z. Several basic properties of X are invariant insider its divisor class. For example, X is a nondegenerate subscheme of P n+c in the sense that its homogeneous ideal contains no nonzero linear forms if and only if 
(iii) Either a = 0 and b ≥ 1 + 2a n+1 or a = 1 and b ≥ 1 + a n+1 or a = 2 and b ≥ 1 or a ≥ 3.
(2) Let k ≥ 1 be the integer such that a k < a k+1 = · · · = a n+1 and let X 0 denote the subvariety
since Y ⊂ P n+c is projectively normal. This proves the equality
(ii) ⇔ (iii) : From (4.2), the equality a 2 (X) = a 2 (Y ) holds if and only if
It is an elementary task to check that this occurs exactly when (iii) holds.
(2) We prove the three cases in turn.
(2.a) Suppose that a = 2 and −2a n+1 ≤ b ≤ 0. We will see that I(X) is generated by I(X) 2 and hence Q(X) = X. Indeed, if −2a n+1 ≤ b ≤ −c + 1 then reg(X) = 2 and hence I(X) = I(X) 2 . Also, if −c + 2 ≤ b ≤ 0 then X is arithmetically Cohen-Macaulay and deg(X) ≤ 2c. Let Γ ⊂ P c be a general zero-dimensional linear section of X. Since |Γ| ≤ 2c, the homogeneous ideal of Γ is generated by its quadratic equations. This shows that I(X) = I(X) 2 . (2.b) Suppose that a = 1 and 1 ≤ b ≤ a 1 . Then X is ideal-theoretically cut out by quadrics and hence Q(X) = X. 
, and hence we have
This completes the proof. Proof. Since h 0 (C, O C (1)) = d + 1 − g(C) = c + 3, it holds that
whereC ⊂ P 2+c is the linearly normal embedding of C by the complete linear series |O C (1)| and π P :C → P 1+c is an isomorphic linear projection ofC from a closed point P ∈ P 
Furthermore, P is not contained inS sinceC is a bisecant divisor ofS and π P :C → C is an isomorphism. This implies that the projected surface
is contained in a rational normal 3-fold scroll T ⊂ P 1+c (cf. [BS2, Theorem 1.4]). Also S is a surface of almost minimal degree. By Theorem 2.1.(3), either dim Vert(T ) ≤ 0 or else dim Vert(T ) = 1 and S is arithmetically Cohen-Macaulay. In the latter case, I(S) is generated by quadratic forms and hence Q(S) = S. In the former case, S is linearly equivalent to H + 2F as a divisor of T and hence Proposition 4.3.(2.c) shows that S is the unique nondegenerate irreducible component of Q(S).
Suppose that there is a nondegenerate irreducible component D of Q(C) which is different from C. Then D must be a curve since
and S is the only nondegenerate irreducible component of Q(S), it follows that D is contained in S. LetD ⊂S be the pull-back of D via π P .
In particular, it holds that I(C ∪D) 2 = I(S) 2 and hence Q(C ∪D) =S by Proposition 4.3. Then it follows that
In particular, we get
which is a contradiction. In consequence, Q(C) has no nondegenerate irreducible component except C.
Now, we are ready to give a
Proof of Theorem 1.5. In Remark 4.1, we divide the varieties in consideration into four cases. When X belongs to the cases (i) and (iv), the statement of our theorem is already shown (cf. Remark 4.1). Also if X belongs to the case (ii), then it is contained in an (n + 1)-fold rational normal scroll as a divisor. So, X satisfies the desired property by Proposition 4.3. Now, suppose that X belongs to the case (iii). Namely, X ⊂ P n+c is a nondegenerate projective irreducible variety of dimension n and degree d = c + 3 such that g(X) = 1. Let C ⊂ P 1+c be a general linear curve section of X. Then a 2 (X) = a 2 (C) by Lemma 3.4 and hence I(C) 2 is equal to the restriction of I(X) 2 to C. In particular, it holds that
By Proposition 4.4, we know that C is the only nondegenerate irreducible component of Q(C). This shows that Q(X) has no nondegenerate irreducible component of dimension ≥ n except X.
The irreducible decomposition of Q(X) -Part II
This section is devoted to studying the irreducible decomposition of Q(X) when X ⊂ P n+c is an n-dimensional nondegenerate irreducible projective variety of degree d such that d ≥ 2c + 2k + 3 and a 2 (X) = c 2 − k for some k ∈ {0, 1, 2, 3}. The following our main result in this section shows how this problem is related to the classification theory obtained in Theorem 1.1, Theorem 1.2 and Theorem 1.3.
Theorem 5.1. Let X ⊂ P n+c be a nondegenerate projective variety of dimension n and degree d ≥ 2c + 2k + 3 such that a 2 (X) = c 2 − k for some k ∈ {0, 1, 2, 3}. Then there exists a unique projective variety Y ⊂ P n+c satisfying the following three conditions:
We will give the proof of this theorem at the end of this section. We begin with some well-known and beautiful results in Castelnuovo Theory. 
